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Abstract 

C/3 ' The Darboux transformations for the two dimensional elliptic affine Toda equa- 

tions corresponding to all seven infinite series of affine Kac-Moody algebras, in- 
cluding Ai , A%i A^i_i, Bi , Cj , -D; 1 ^ and D^V 1: are presented. The Darboux 
transformation is constructed uniformly for the latter six series of equations with 
suitable choice of spectral parameters and the solutions of the Lax pairs so that 
all the reality symmetry, cyclic symmetry and complex orthogonal symmetry of the 
corresponding Lax pairs are kept invariant. The exact solutions of all these two 
dimensional elliptic affine Toda equations are obtained by using Darboux transfor- 
mations. 



C£ ! 1 Introduction 
o 

The two dimensional Toda equations [12] are important integrable systems. They have 
^ ■ been studies by various methods such as inverse scattering, Hirota method, Darboux 
transformation etc. [U El 13 HOI EE3 120] . They also have important applications in Toda 
field theory [U [26] and in both Riemannian and affine geometry [21 |5] [TT] [18] [19] |20] |2l] . 
For any affine Kac-Moody algebra g, there is a two dimensional elliptic Toda equation 

nun] 

i i 

Aw k = exp (y^CikW^j - K fc exp (X] c io^i) (k = l,---,l) (1) 

1=1 ' 8=1 

where C = (cij)o<i,j<i is the generalized Cartan matrix of g, and (k , • • • , Ki)C = 0. 

There are seven infinite series of affine Kac-Moody algebras: Af~\ A$ , A^jLi, B\ l \ 
Cj , Dj+i [7j. The Toda equation is just the periodic Toda equation and has 
been studied by a lot of authors. Especially, the Darboux transformation was given by [9] 
in a simple form. For the two dimensional Toda equations with g = A^\ A$ and A^Li, 
the Darboux transformation for complex solutions was presented in [T5l [161 [T7] . For the 
two dimensional (real) hyperbolic affine Toda equations with g = A^ , C\ and -D^, 
the binary Darboux transformation (in integral form) was given by [14] and the Darboux 
transformation (in differential form) was given by [23 EH [25] . 
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In this paper, we present the construction of Darboux transformation for a Lax pair 
on R 2 with a reality symmetry, a cyclic symmetry and a complex orthogonal symmetry 
simultaneously This system contains the two dimensional elliptic Toda equations corre- 
sponding to the affine Kac-Moody algebras A$ , A^, B\ l \ C, (1) , and D$ v The 
degree of Darboux transformation must be high enough to keep all the symmetries of 
the Lax pairs. What is more, in order to get real solutions, the construction of Darboux 
transformations in elliptic case is different from that in hyperbolic case or in complex 
case. The main differences are that the distribution of their spectra are different, and the 
Darboux matrix depends only on the solutions of the Lax pair in hyperbolic or complex 
case but depends explicitly on both the solutions of the Lax pair and the potentials in 
elliptic case. For the two dimensional elliptic Toda equations corresponding to , there 
is only a reality symmetry and a cyclic symmetry. Hence its Darboux transformation can 
be constructed in a comparatively easier way. 

In Section El the Lax pair containing the two dimensional elliptic , Aj^, B\ l \ 
C\ l \ Df and Toda equations and its symmetries are discussed. This leads to the 
symmetries of the spectrum and the symmetries of the corresponding solutions of the Lax 
pair. In Section [HI we discuss the general construction of Darboux transformation which 
keeps all the reality symmetry, cyclic symmetry and complex orthogonal symmetry. The 
simplified explicit expressions of the solutions are obtained by Darboux transformations. 
In Section HI the Darboux transformation for the two dimensional elliptic Aj Toda 
equation is presented briefly, and the Darboux transformations for the two dimensional 
elliptic Af \ A%\ 4?-i> B i\ c i l \ D i l) and D i+i Toda e q uat 

ions are derived from the 

general results in Section [31 



2 Elliptic Toda equations and their Lax pairs 

First we present some notations. 

Let N and m be integers with N > 2. Let r\, ■ ■ ■ , rjv be integers whose values are only 
1 or 2 such that rj = 2 only if 2j = m mod N. Denote M — n H — • + rjy. 

We divide any M x M matrix A as A = (v4jfc)i<i,fc<Af where A^ is a matrix of order 
r.j x rfe. For convenience, the subscripts of a submatrix of a matrix A or a vector v 
are supposed to take any integer so that A^u = Ajk and ty = Vj if f = j mod iV and 
k' = kmodN. 

Let us = exp(27ri/iV), Q = {u)~i +1 I T:j 5jk)i<j,k<N- Let K = (Kjk)i<j t k<N be an M x M 

invertible real symmetric matrix such that Kj m _j = 1 if rj = 1, Kj m _j = ^ J J J if 

Tj = 2, and Kjk = 0iij + k^m mod N. Let J = {Jjk)i<j,k<N be an M x M real matrix 
satisfying KJK = J T and QJQ^ 1 = ujJ . 

Then Q N = lu where Ik is the k x k identity matrix, K satisfies K 2 = lu and 
ttKtt = uj 2 ~ m K, and J jk = unless k - j = 1 mod N. 

Remark. Since K is invertible and symmetric, rj = r m _j must hold. Hence if there 
is only one j such that Tj = 2, then j must satisfies 2j = mmodN. The condition that 
Tj = 2 only if 2j = m mod N at the beginning of this section is a stronger one so that the 
Darboux transformation constructed later will keep all the symmetries. 
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where 




which is a kind of two dimensional Toda equation when V has certain symmetries. 

We will consider V satisfying reality symmetry V = V, cyclic symmetry QVQ^ 1 = V 
and complex orthogonal symmetry V KV = K with respect to the indefinite metric 
given by the real symmetric matrix K, so that (T4J) will lead to the two dimensional elliptic 
A%\ A21-1, B\ l \ Ci , Di and Toda equations. Without the complex orthogonal 

symmetry, (jl]) will lead to the two dimensional elliptic A\ Toda equation. 
By direct computation, we have 

Lemma 1 If the diagonal matrix V(z, z) satisfies 



Remark. If Q is changed to u>Q, then the relation QKQ = u 2 m K is changed to 
ttKtt = oj 2 - {m+2) K , but QJQ- 1 = cuJ and ttVtt- 1 = V are unchanged. This means that 
the system is invariant if m is changed tom + 2 and any subscript j is changed to j + 1. 
Therefore, it is only necessary to choose m = 1 or m = 2 when iV is even and m = 2 
when iV is odd. Other systems are equivalent to these ones. 

The symmetries of the Lax pair lead to the symmetries of its solutions. This fact is 
shown in the following lemma and will be used in constructing Darboux transformations 
in the next section. 

Lemma 2 Suppose V satisfies (TJJ], $ is a solution of the Lax pair (TJ|) with X = A , then 
the following facts hold. 

(i) fi$ is a solution of (TJ|) with A = lo\q. 

(ii) KV" 1 ^ is a solution of (TJ|) with X = 1/A . 

(Hi) $ = K§ is a solution of the adjoint Lax pair with X = — X : 



v = v, nvn 



V, V T KV = K, 



(5) 



then P = V Z V- 1 and Q = VJ T V~ l satisfy 



VLPtt- 1 = P, tlQn- 1 = u^Q 
KPK = -P T , KQK = Q T . 



(6) 



1 



(7) 



-Ac 
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(iv) When N is even, = KVL N I 2 Q is a solution of the adjoint Lax pair with A = Aq: 

y z = -(\ J T + p T )v, y- z = —^Q T v. (8) 

Hence <$> T KVt N / 2 <& is a constant when N is even. 
Proof (i) follows from 

(m) g = n(\ j + v z v- l )<$> = (uj\ j + v;^- 1 )^, 

Aq LoXq 



(ii) follows from 



(kv- 1 $) z = ^kv^vjtv- 1 ® - kv- 1 v z v- 1 <$> 
1 

[j-J + VzV-^KV- 1 ^, (10) 

{KV 1 ^ = KV-\\qJ + VgV- 1 )® - KV^VgV- 1 ® 
= XqVJTV^KV- 1 ®. 



(iii) follows from 

K$ z = K(X J + V^- 1 )® = -(-X J T + (V Z V~ 1 ) T )K^, 
K$- z = ^-KVJ T V- X § = 1 —{VJ T V- X ) T K$. 

Xq —Xq 

(iv) follows from (i) and (iii). The lemma is proved. 

3 Darboux transformation 

A matrix 

T(z,z,X) = Y / T j (z,z)X L -i, T = I (12) 

is called a Darboux matrix of degree L for the Lax pair (|2J) if there exists a diagonal 
matrix V(z, z) satisfying 

v = v, nvn- 1 = v, v t kv = k, (13) 

such that for any solution $ of (j2J), $ = T$ satisfies 

$ 2 = (AJ + P)$, § z = jQ$> (14) 

with 

p = V Z V~\ Q = VJ T V~ l . (15) 
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If a Darboux matrix is constructed, new solutions of the two dimensional elliptic affine 
Toda equations can be obtained from a known one. 

When the symmetries in ( fT3l) are not considered, the Darboux transformation can be 
constructed according to [22] (c.f. also [3]) as follows. 

Let Ai, • ■ • , Al, Ai, ■ • ■ , Xl be distinct complex constants. Let Hj be a solution of the 
Lax pair with A = Xj, Hj be a solution of the adjoint Lax pair with A = Xj. Let 

r> = -^f (j,k = l,---,L),T = r- 1 . Then 
Afc — Xj 

T(X) = f[(X-X l )(l- £ 3£**L) (16) 
i=i j,fc=i A — Afc 

is a Darboux matrix without considering symmetries. 

However, for our problem, the symmetries in (fT3l) must be satisfied. When N is odd, 
the construction of Darboux transformation is comparatively easier. However, when N 
is even, the following problem is encountered. In fact, (i) and (iii) of Lemma [2] imply 
that if Ao is an eigenvalue of the Lax pair (T2]), lo n ' 2 Xq = — Ao is an eigenvalue of the 
adjoint Lax pair (JSj) . If we choose Xj = w- 7-1 /!, X^+j = oj^" 1 ^" 1 , Xj = —uj^" 1 ^, Ajv +j - = 
— uji^ 1 ^ 1 (j = 1,---,N) with /i ^ and |/i| ^ 1 as introduced by Lemma El then 
Ai, • • • , A2at, A n , • • • , X2N are not distinct, so T will not exist, let alone T(A). On the other 
hand, if we choose Xj = oj^~ 1 h, Xj = —u^ 1 ^ (j = 1, • • • , N) with /i 7^ and 7^ 1, then 
Ai, • • • , Ajv, A n , • • • , Ajv are distinct. However, in order to keep the complex orthogonal 
symmetry, the solution Hj cannot be chosen as column solution, but M x M/2 matrix 
solution, which makes the result complicated when M is even and impossible when M is 
odd. In order to solve this problem, a limit process is needed. 

No matter N is odd or even, the Darboux transformation can be constructed uniformly 
as follows. 

Let A) be a column solution of the Lax pair ([2|). When N is even, $(2, z, A) 

should satisfy an extra condition that 

$(z , zq, A) t ^ 7V/2 $(z , zq, A) = (17) 
holds for all A and certain point (2:0, ^o)- Then according to (iv) of Lemma [2, 

<S>{z,z,X) T KQ N/2 <5>{z,z,X) = (18) 

holds identically. 
Let 

A J (A)=^- 1 A, ^(z,z,X) = ^- 1 ^(z,z,X), 

X N+j (X) = u^X-\ $jv +j (z, z, X) = KV^tt-i+^iz, z, A) 1 ' 

(j = 1, 2, ■ • • , N). According to (i) and (ii) of Lemma [2, each $j(z, z, A) is a solution of 
P) with A replaced by Xj(X) (j = l,---,2iV), and = $jv+j+i = uj m ' 2 VL^ N+j 

for j = 1, 2, • • • , N — 1. Moreover, (iv) of Lemma M implies that $jKtt N/2 &j = holds 
for j — 1, 2, • - • , 2N when N is even. 
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Let fi be a non-zero complex number with |/i| ^ 1. Denote 

3, M ), H'(z,z) = — (z,Z,X)\ x ^. (20) 

Then 

H T KVt N l 2 H = 0, H lT KSl N l 2 H = -HKn N ' 2 H' (21) 

when iV is even. Note that the relations in (1211) are identities without any conditions 
when N is even and m is odd, since (Kn N / 2 ) T = (-l) 2 ~ m Ktt N l 2 . 
Let 



[22] 



{j = 1, 2, • • • , iV). Moreover, let ifj = fi^if', = KV^Vt-^H' (j = 1, 2, • • • , JV) 

when iV is even. 

Let T = (T jk ) 2N x2N where 

r ifc («, = im 7tt • 23 

A-/* Aj(A) + /ifc 

By direct computation, we have 

Lemma 3 If N is odd, or N is even and \ij + \i k ^ 0, then 

T jk = (24) 

If N = 2n is even and fij + fi k = 0, then k = j+ n(l<j<n) or j = k + n (1 < k < n) , 
an d ■ i it 

J- j,n+j — & ' 

T n+j ,j = -u-i +1 H£jKHj, 

1 N+j,N+n+j — H< I1 N+j Jxrl N+n+ji 

^N+n+j,N+j = UJ ~ j+1 J j2 H' N+n+ jKH N+j 

for j — 1, 2, • • • , n. Moreover, for all j, k = 1, • ■ ■ , 2N, Tj k ? s satisfy 

rj fc = r fci , (26) 

and 

T jkj2 = HjK.IH k , r iM = —HjKQH k . (27) 
Denote T = T" 1 when T is invertible. Let 



(25) 



2N 2N tt f llTjs 

T(\) = IK\ + ^(I- £ H ^f" K ), (2* 



1=1 



j,k=l ^ + Vk 



then T(A) is of form with L = 2JV. 
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It can be checked directly that 

2N 2N 



nA)- i = n(A+^r 1 (/+ e 7! 7 )■ (29) 



Moreover, from ( 128]) . 

2AT 2N 



(30) 



t 2 ^ = n^( j - e 



Lemma 4 Suppose T(X) is given by l[28\) . then ( fT7| ) holds where 

P = P-[J,T 1 ], Q = T 2N QT^. (31) 
Moreover, if the diagonal matrix V satisfies 

V = p~ l T 2N V (32) 
where p is a non-zero complex constant, then P = V Z V~ X and Q = V ' J T V~ X satisfy (f^7]j. 
Proof With (|27p and (13T]) . it can be verified by direct computation that 

(A J + P)T - T(XJ + P) - T z = 0, 

X~ l QT - \- l TQ -T- z = { } 

hold for all A, which are equivalent to (fill) . 

Clearly, V^V' 1 = T 2 nQT 2 ~^ is true. It is only necessary to prove that VzV^ 1 = 
P — [J, Ti] holds. Taking A = in 

T, + T(AJ + P) = (AJ + P- [J,T\])T (34) 

which is the first equation of (|33|) . we get 

T 2N , Z + T 2N P = (P- [J, T 1 ])T 2N . (35) 

On the other hand, 

T 2N , Z + T 2N P = V z V- l T 2N (36) 
holds by differentiating (132]) . Hence V z V~ l = P — [J, Ti]. The lemma is proved. 

Theorem 1 Suppose V satisfies V = V, QVQ~ l = V and V T KV = K, then T(A) 
satisfies 

T(-X) T KT(X) = (X 2N - p 2N )(X 2N - p~ 2N )K, (37) 

fiT(A)^ 1 = T(u\), (38) 

A 2JV T(A _1 ) = ^"'T^TlAjyK (39) 

Especially, T 2 n satisfies the relations T^KTin = (p/p) 2N K, QT^fl -1 = T 2 ^ and 
T£ N = (fi/ p) 2N V~ l T 2N V where * refers to Hermitian conjugation. Therefore, (T 2N )j k ^ 
only if j = k, and the diagonal part of (p/ p) N (T 2N ) is real. 

Moreover, if (T 2 N)jj is diagonal whenever rj > 1, then (p/ p) N T 2 ^ is a real diagonal 
matrix, and V = (p/p) N T 2N V satisfies V = V, ftV^T 1 = V and V T KV = K. 
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(40) 



27V 

Proof With fj k = f kj , (|37D follows directly from ([28]), ([29]) and the fact 
Denote 

T=( A B ) 
\C D ) 

where A, B, C, D are N x N matrices. For j, k — 1, • • • , 2N, 

HjKH k _ H T W- l Ktt k - l H (1 _ m)(j _ 1) H T KSl k -*H 

j fij + [Ik UJ^ 1 /! + Ul k ~ X \X (l+UJ k ~ j )fJ, 

(ifc^V-1), 

HjKH N+k _ H T ^- 1 V~ 1 n- k+l H _ (j _ 1) H T V- 1 M- k H 

i k ~ i ~~ i-1 i k-1 --1 _ ^ i it— ' 

H% +j KH k _ H^-^V^Q^H „-(.7-D H*V~ x Q, k ~i H (41) 



_ HT +j KH N+k _ H*n-i+ 1 v- 1 Kv- 1 n- k+1 H 

fl N+ j + VN+k UJ^ft,- 1 + LU k - l Jl- 1 

(l + c; fc -J)^- 1 v ^ 1 



uj 3 = — 1 occurs only when iV = 2n is even and j — k = nmodN. In this case, 

A jtj+en = u {1 - rn){j - 1) H' T KQ n H, 

where e = 1 for j — 1, • • • , n and e — — 1 for j = n + 1, - • • , 2n. 
Hence Y satisfies 



(42) 



(43) 



where E = {5j,k-i)i<j,k<N- Denote l?" 1 = ( 4 j where A, E, (7, D are N x N 



matrices, then 



Hence for j, k = 1, ■ • • , N, 



Aj-i jk -i — m Aj k , Bj_ ljk _x — uj 1 Bj k , 
Cj-i,fc-i = w 1 Cjk, Dj-i,k-i = ^ m ~ 3 Djk- 



(45) 



On the other hand, by the definition of HSs, 



QHj = Hj+i, QHn + j = u 2 ~ m HN + j + i, 
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(46) 



for j, k = 1, • • • , JV - I. (@5D and gSD lead to 

2N N TT A ttT if N tt r> ttT tt 

mm-^u^+^M 1 - E v* fc - E \t ^ +fc 

i=l ,-,fc=i A + Aife jjfc=1 A + ^+fc 

_ H N+j C jk H k K _ ^ HN+jDjkHjf^K ^^ 

j,k=l A + J>fe= i A + /i7V +fc 

= 7J(;\ + - cu m ~ 2 V i+1 ifc V" n j+l r> jk n N+k+l iv 

i=l 1 j,k=l ^ + Hk j>k=1 X + flN+k 

_ ^N+j+iCjkH^ +1 K ji-m ^N+j+i DjkHjj +k+1 K ^ 
j,k=i A + /i fc jk=1 \ + fi N+k 

n 1N (l ,x , „ \(j , .m-i \- H j A j-hk-iH k K ^ HjBj-^k-xH^^K 
i=i j,fc=i ^A + /i fc ifc=1 WA + /i7V + fc 

_^ >p H N+j Cj^ k -iH k K _ H N+j bj_i )k _iHjj +k K \ 

= T(uX). 

This proves fl38l) . 
By flUD and @2J, 

= <J +k - 2 jT 2 D jk , B jk = ^+ fe - 2 /2-VC ife , 

C jfc = ui +k - 2 fi- l fiB jk , D jk = uj j+k ~ 2 fi 2 A jk , 

A = fi^n^Dn- 1 , B = /rV^ccr 1 , 
c = fM^nn^BQ- 1 , D = (fn-i-Asi- 1 . 



i.e. 



Hence 



J I/in 



Written in components, 



A jk = uj j k+2 fi 2 D jk , B jk _= u j k+2 fi l nC jk , 
Cjk = uj-i- k+2 {i- l JiB jk) D jk = LU- j - k+2 fi~ 2 A jk , 

i.e. 

By the definition of H^s, 

H 3 =KV' l H N+3) H* k K = H], +k V- 1 (j, k = 1, ■ • • , 2N). 
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By (|53]), (O and the fact ii N+k Ji k = 1 for k = 1, • • • , 2JV, 




) 



(55) 



Hence fl39]) holds. 

Now we consider the symmetries of T 2 n- 

T^ N KT 2N = (^/fi) 2N K and QT^fl -1 = T 2N are derived by setting A = in (1571) 
and (USED- Taking the coefficient of A 2JV in (PJ, we get f 27V = AV^T^Vlif. Then 
T*^ = {p/ p) 2N V~ l T 2N V is obtained by using T^ N KT 2N = (fx/p) 2N K. 

If (T 2N )jj is diagonal whenever > 1, then T 2N = (p,/ fi) 2N V~ 1 T 2N V implies that 
(fil ' n) N T 2N is a real diagonal matrix. In this case, V is a real diagonal matrix satisfying 
VtVVt^ 1 = V, V T KV = K. The theorem is proved. 

According to Theorem [1] to verify that T(A) is a Darboux matrix keeping all the 
symmetries in (pjj), it is only necessary to verify that (T 2N )jj is diagonal whenever rj > 1. 
In the rest of this section, we will show this fact and simplify the expression of the solutions 

Lemma 5 Let N be a positive integer, p be an integer, a be a complex number. Let 
oo = exp(27ri / TV) . For any integer k, let {k} be the remainder of k divided by N. Then 

E~ ^ = ^^7 (56) 

^il-au^ 1 l-a N K ! 

1=1 

if a N 7^ 1, and 




(57) 



if a = uo 



k+l 



N 

Proof Suppose \a\ < 1. Since E a; fc ( t ~ 1 ) = A^5 fc0) we have 



i=l 




(58) 
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Similar conclusion holds for a with \a\ > 1. When \a\ = 1 but a N ^ 1, (|56|) is derived by 
a limit. When a = u~ k+1 , (|57|) is obtained similarly without considering the term with 
i = k. The lemma is proved. 

Let e a (a = 1, • • ■ , N) be iV dimensional vectors with the entries {e a )k = co>~ <a ~ 1 ^ fc ~ 1 - ) , 

/ *H \ 

where hj is an rj x 1 column vector. By (l4Tj) . (1421) 



then e*e 6 = iVcU- Write # 
and Lemma 



\h N J 



TV 

(Ae a )j = E A jk(e a ) k 

(i + ^-V (59) 

— oT^ — ^h m _ c K m _ cc h c [e a j rm ^\)j 
c =i A* 



when iV is odd, and 



TV (i- m )(j_i) (&-j)( c -i) ( a -i)(fe-i),T ^ ^ 

TV 



J w Mtf-i)(_l)-i w -M)^i)^^ (6Q) 

c=l 

£(_l)"+c-i({ a + c _ 2}fi' 1 hl_ c K m ^ c h c - a{m)h'T_ c K m - CjC h c 



c=l 

TV 

E 

c=l 

' ifia+m— 1 )j 

when iV is even with aim) = \ \ !^ m ! S ° ^ . Here we use the facts ( — 1)^ = (— l) h 

I (J it Tfi is even 

and H T KQ n H = for even N, and H' T KQ n H = for even N and even m. 

Likewise, we can get all the expressions of Ae a , Be a , Ce a and De a for both odd and 
even N. They are 



Ae a = N/i l a a e a+m -i, Be a = N/j, 1 /3 a e a+1 , 
Ce a = Np,^ a e a+ i, De a = Nfl8 a e a ^ m+3 



(61) 



where 



i N 

a 



1 N 

- U-V {a+C - 2} hi- c K m - c , c h c 



2 e=i 



* f_| / .|2Uc-o-l} 



(62) 



7a E l 



c=l 

TV 



h*V~ L h 



1 



c=l 
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for odd N, and 



JV 



_ £(_iy+e-i({ a + c _ 2}h l_ cKm _ cchc _ a(m)nh'T_ c K m „ c , c h t 



c=l 
N 



JV /_| M | 2) {a+c-2} 



2\ ^cYcc 



7a = 

c=l x 
1 ^ 

5 « = 77 E(" 1 ) a+C_1 ({ a - c}h* m _ c K m _ CyC h c + a(m)fih^_ c K m ^ c h t 

^ c=l 



for even N. 
Since T _1 



A B 
C D 



where 



A = (A - BD- l C)- 1 , B = -A- l B{D - CA^B)' 1 , 
C = -D- l C{A - BD~ x C)~ l , D=(D- CA^B)' 1 , 



we have 



Ac a AT A Cu—m-fi, Bc a 



l A 



a+m— 3 



-e _i, 



where 
That is, 



iVA a+ i '" ' iV>A a+m _i 

/X 7a- m+ l ~ 1 Qfl-1 

tv 7" a e a-l; -^ e a AJ -_ A e a+m— 3 

iV A a+1 NfiA a+rn _x 

A a = a a _ m 5 a _2 — /5a-27a-m- 



A? 



6=1 

JV 

6=1 

AT 

6=1 

JV 



1 /J 



izl a; -(j-m)(a-l) 



Nfl A 



^+rn z 3_ w -(j-2)(a-l) 



■j+rn— 1 



J^Jj-m+l (i _ 2 )(a-l) 

iV A,- +1 

J__«j z l_ a; -0-+m-4)(o-l)_ 



6=1 



(63) 



(64) 



(65) 



(66) 



(67) 



iV/i A j+m _i 

(153")) and the identity {— p — 1} + {p} = iV — 1 lead to the following relations. 
Lemma 6 The coefficients ak, /3k,lk,o~k satisfy 

OLZ-m-k = Oik, 0~k = Oik-m+2, /g£ 

Pk = Pk, 7fc = Ik, Pk = M 2 7i-fc- 

Moreover, 



is real and satisfies 



Afe — |afc_ m | 2 — Pk~2lk-r 
^3+m~k — Afe. 



(69) 
(70) 
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From (1671) . we have 



N 

a,b=l 
N 

i.^N+b H aB a bH N+b K) jk = -A 2 . ,„ ; )',„ jtljhjVfj Sj k , 

a,b=l 
N 

^ {^HN+aCabHl K)j k 
a,b=l 

-1 



N 



Y {^N+bHN+aDabHjj^K)^ 
a,b=l 

^2+m-j a "2-jKj t m-jV m ,-j,m-jh'm-jhjVjj $jk 



for a, 6 = 1, • • • , AT. 



2iV 



(71) 



Denote T 2JV = {n/fi) N F where F = J - ^ ^ l H a t ab HlK. dZTJ) leads to F 

a,6=l 

(fj$jk)i<j,k<N where 



/j — J rj . A 2+m _j {a2-jhjh m _jK m _jj + a>2-jKj jm _jV m _j m _jh m _jhjVj 



-i 



,*T/— 1 



-fim-jhjhjVjj - jl\,, t , ,\] 



1 h h T K 

m-j,m-j u m-j IL m -j - fY m— J, j 



(72) 



is an rj x matrix. 



Computing /j's explicitly, we get the expressions of new solutions of the two dimen- 
sional elliptic affine Toda equation (J4j) from known ones by Darboux transformation. 



Theorem 2 Let V(z, z) be a real diagonal matrix solution of the two dimensional elliptic 
affine Toda equation 01) ; satisfying V KV = K and det Vjj = 1 forj with 2j = m mod N. 
( h \ 

Let H = ' be a column solution of the Lax pair (TJ|) with X = fi (fi 0,\fi\ ^ 1) 
\h N J 

where hj is an rj x 1 column vector. When both N and m are even, H should also satisfy 
the constraint H T KVt N / 2 H = 0. Let ctj, (3j, 7 3 - be given by (EI)) and (E3j) for odd and 



even N respectively, and A,- be given by [bW . When rj = 2, denote Vj 



33 



h j2 



. Then 



fi 



A 
A 



l+m—j 
2+m-j 



1 > 



(73) 



if Tj = 1, and 



( \hji 



2„,-l 



72- 



u 



\hj2\ 2 Vj - 72- 







imv 1 - 72-i y 



(74) 
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if Tj = 2. Moreover, det fj = 1 for j with 2j = mmodiV no matter rj = 1 or 2. 
Therefore, V = {Vjjfj5jk)i<j,k<N is a new real diagonal solution of provided that fj is 
positive definite, and satisfies V T KV = K and det Vjj = 1 for j with 2j = mmodN. 

Proof First suppose rj = 2. As demanded at the beginning of Section [2J rj = 2 
holds only when 2j = m mod A. 

When N = 2n is even, 2j = mmodN happens only when m is even, and j = m/2 or 
j = n + m/2 in this case. For this j, the constraint H T KQ n H = implies 



n-l 



h J K 33 h j + {- l ) nhT n+j K n+j,n+jK+j + 2 ^ (~ 1 ) k h J-k K j~k,j+khj +k = 0. 

With this constraint, 



fe=i 



(75) 



a 2 - 



i 2n 

_ E( _ 1)J+C+ l {c _ j}/l T_ c ^_ cA 



0=1 



n-l 



— l) n+1 h^ +j K n+jin+ jh n+ j + ^2(—l) k+1 hJ_ k Kj^ k j +k h j+k 



k=l 



2 "j "WJ ~ lL jl' L j'ii 



Pj + 72- 



2n 

E 

c=l 



|2\{ C -j-l} 

-h*V~ 



2n 



(-H 2 ) {c ~ i} 



Hence if rj — 2, 



// /2 A 2 ! ; (n, ,//,//]% + n 2 jKjjV 3 fhjh*V^ 



( \h jX \*Vj X - 



V 







IMS 



72- 



|/iji| 2 v 3 - 1 



Ta-i / 



is a diagonal matrix with det /,- = !, since 



A 



2+J 



(|fyi| V 1 - 72-i)(|/ij 2 |S - 72-i)- 



(76) 



(77) 



(78) 



(79) 



When A is odd, there is no constraint on H . From fl62|) . the equalities a 2 -j — hjihj2 
and Pj + 72-j = Ihji^v^ 1 + \hj 2 \ 2 Vj still hold for j with 2j = mmodN. Hence ( 1781 is still 



true when A is odd and rj — 2. 



Now we consider the case rj = 1. Denote a-,- = Vjj \hj\ 2 , Tj = h m -jhj, then 

fj = 1 - A 2+m-,-(«2- J r i + cxa-yTj - An-^- - r 2 -j(T m -j) (80) 



since K 



m-3,m-j "33 



jVjj = 1. By direct calculation, we have 



A 



'm-j-l 



+ 



2 /? 



72-j + H 7i-i 

«2-j + = 



J- 



(81) 
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Here the relation H T KQ n H = is used for even N. (IHTj) leads to 

= a 2 -jTj + a 2 -jfj - Pm-jVj ~ r 2 -j(Tm-j + ^j^m-j ~ |lj| 2 (82) 
= + a 2 -jfj - Pm-jdj - r 2 -j<Tm-j 

by using 

/i = (83) 



If j satisfies 2j = mmodN, then flTOl) implies fj = l. The theorem is proved. 

According to different choices of iV, and r±, ■ ■ ■ , rjy, the local solutions of various 
two dimensional elliptic affine Toda equations can be obtained from Theorem [21 which 
will be shown in the next section. 

Although in Theorem [21 only Darboux transformation with one spectral parameter \i 
is presented, Darboux transformation of higher degree can be obtained by the composition 
of this kind of Darboux transformations. 

4 Darboux transformations for two dimensional el- 
liptic Af\ 4? , A%l u BP, Cf \ and A+i Toda 
equations 

In this section we present the explicit expressions of new solutions given by Darboux 
transformations for various two dimensional elliptic affine Toda equations. 

The two dimensional elliptic Toda equation is not contained in the system dis- 
cussed in Section [2] and [31 since it does not possess the complex orthogonal symmetry. 
However, a simpler Darboux transformation can be constructed due to the lack of this 
symmetry. 

For the rest six series of equations the results presented below are the consequences of 
Theorem [2] directly. 

4.1 Two dimensional elliptic Af Toda equation (/ > 1) 

In this case, M = N = l + l,n = -- - = r i+i = 1; oj = exp (y-pr); ^ = (^jk)i<j,k<i+i 

with Q jk = w" J+1 5 jfc ; J = (Jjk)i<j,k<i+i with J jk = S j+ljk ; V = (V jk )i< jtk <i +1 with 
l+i 

Vjk = e Uj 5jk and y]uj = 0. There is no matrix K defining complex orthogonal symmetry. 
i=i 

The equation is 

A Uj = e^-^- 1 - e Uj+1 -^ (j = 1, •••,/ + 1) (84) 
with m = ui + i, ui + 2 = u\. By setting Wj = —{u\ + • • • + Uj) (j = 1, •••,/), it becomes 
Awi = e 2wi ~ W2 - e - Wl - Wl , 

Awj = e -^-i+^j-^+i - e -v>i-w (j = 2, 1), (85) 

Awi = e ~ Wl -i +2wi - e ~ Wl ~ w >. 
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Similar to (ii) and (iii) of Lemma [2j we know that if $ is a solution of the Lax pair 
with A = A , V' 1 ® is a solution of the adjoint Lax pair with A = — A 1 . (This symmetry 
can also be changed to a unitary symmetry by a gauge transformation [TT1 I2~T].) Owing 
to this fact, the Darboux transformation can be constructed as follows. 

Let p be a non-zero complex number with \p\ ^ 1. Let if be a column solution 
of the Lax pair Q2j). Let pj = u^p,, H j = (j = 1, • ■ ■ , N) with N = I + 1. 

H]V- x H k 

1 + /ijyUfc 



Let Tjfc — i J ' | - — , then r 3 -+i ( &+i — r^, r* fc — T^j, ^jk,z — l l j 1 H^V 1 JHk, Tjk,i 



3 

Let 



T(A) = IJCA + AT 1 )^- £ %\ + [ )» (86) 



i=i i,fc=i 
where f = T -1 , then 

T(A)- 1 = n(A + Ar 1 )- 1 (/+ £ fr fc u \ )• (87) 
•=i i,fe=i Vk{X-Pj) 

Similar to LemmaHJ we know that = p T^V satisfies (j4]) for any non-zero complex 
number p. What is more, similar to Theorem dj 

QTiX)^- 1 = T(cuX), 

X^Ti-X-'yv- 1 ^ 1 = n^r'A - 1)(^A + l)T(A)- 1 (88) 

8=1 

hold by simpler computation which is omitted here. Especially, Tjy satisfies QT^Q^ 1 = 
T N , T* N = (jij p) N V~ l T N V = (p/p) N T N since all r s = 1. Hence (-l) N p~ N T N is a real 
diagonal matrix. 

Written in terms of the basis {e a }, we have 

Te a = Na a e a , T~ l e a = ^a~ l e a (89) 

where 

N (_\,,\2){a+c-2} 

^ = E \_|_ H2)jV \hc\ 2 V~\ (90) 
Then T N = ((-l) N ft~ N \p\ 2 fjSjk)i<j,k<N where 

/ i = H- a (c^AlV i 7 1 -i) = ^ (9i) 

by using (1901) . Hence we get the following explicit result for the new solution V = 

\fjVjj$jk)i<j,k<l+x- 

Let («i, • • • ,ui + i) be a solution of (hi, ■ • • , hi + i) T be a column solution of the 

corresponding Lax pair where hi, ■ ■ • , hi+i are scalar functions. Then the new solution of 



is Uj = Uj + In (j = 1, •■■,/ + 1) with 



9i 



i+i 

9S = Y,Hri 2 ) {c - j} \h c \ 2 e- u °. (92) 



c=l 
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(2) 

4.2 Two dimensional elliptic A 2 [ Toda equation (/ > 1) 

In this case, M = N = 21 + 1, ri, ■ • ■ ,r 2 i+i = 1, m = 2; u = exp (— - — —); 

— / I -L 

^ = (&jk)i<j,k<2i+i with Qjj = uj~ j+1 5 jk ; K = (K jk )i< jtk < 2 i+i with K jk = 5 j+ky2 ; 
J = (Jjh)i<j,k<2i+i with J jk = S j+1>k ; V = (V jk )i<j,k<2i+i with non-zero entries V u = 1, 
Vj + ij + i = e Uj and V 2 i+2-j,2i+2-j = e _nj for j = 1, • • • , /. The equation is 

A Ul = e Ul - e U2 ~ Ul , 

Auj = e^ - ^ -1 — e Uj+1 ~ Uj (j = 2, ■■■,1-1), (93) 
Auj = e"- 1 - e~ 2ui 

when I > 2 and 

A«! = e Ul -e~ 2ui . (94) 
when Z = 1. By setting Wj = — (ui + ■ ■ • + Uj) (j = 1, • • • , /), they become 

A Wl = e 2wi ~ W2 -e~ Wl , 

A Wj = e-^-i+^-^+i - e ~ Wl (j = 2, ■■■,1-1), (95) 
A Wl = e - 2wi - 1+2wi - e~ Wl 

and 

A Wl = e 2wi - e~ Wl (96) 

respectively. 

Let (ui, ■ ■ ■ ,ui) be a solution of (1931 or fl94|) . (hi, ■ ■ ■ , ti2i+i) T be a column solution of 
the corresponding Lax pair where hi, ■ ■ • , h 2 i+i are scalar functions. By Theorem [21 the 
new solution of ( |93j) or ( l9l"l) is = + In (j = 1, ■ • • , Z) where 



1 21+1 2 

«i= 4 1 13( _1 ) {C-j}/i 2-A -|//|Vi72-i (97) 



c=l 



and 



7j 



i - ^ ((-I^| 2 ) {j - 1} l^i| 2 + E(-|/i| 2 ) {j+c ' 1} l^i +c | 2 e^ 

+E(-l/i| 2 ) { ^ c - 1 >|/ i i- c |vl 

c=l / 



(98) 



4.3 Two dimensional elliptic Toda equation (/ > 2) 

In this case, M = N = 21, r h ■ ■ ■ , r 2i = 1, m = 1; u = exp (^p); ^ = (^jk)i<j,k<2i 
with = LU~ J+1 8 jk ; K = (K jk )i<j,k<2i with K jk = 5 j+kj i, J = (Jjk)i<j,k<2i with J jk = 



17 



8j+i,k] V = (Vjk)i<j,k<2i with non-zero entries Vjj = e U] and V 2 i+i- jt 2i+i-j = e Mj for 
j — 1, ■ ■ • , I. The equation is 

Au x = e 2ui -e U2 ~ u \ 

A Uj = e^-^" 1 - e Ui+1 ~ Ui (j = 2, ■■■,1-1), (99) 
Am = e Ul ~ Ul - 1 -e~ 2ui . 

By setting Wj = — (ui + ■ ■ ■ + Uj) (j = 1, •••,/), it becomes 

Aw t = e 2wi ~ W2 -e~ 2w \ 

A Wj = e -^-i+ 2 ^-^+i - e ~ 2wi (j = 2, •••,/- 1), (100) 
A Wl = e- 2wi - 1+2w ' - e~ 2wi . 

Let (ui, • • • ,u{) be a solution of ( l99~j) . (hi, ■ ■ • , h 2 i) T be a column solution of the corre- 
sponding Lax pair where hi, ■ ■ ■ , hi\ are scalar functions. By Theorem [2j the new solution 

of fl99|) is Uj = Uj + In (j = 1, • • ■ , I) where 

9j 

1 I 21 2 

9i= ^lE^n^-J'K-A-K-A) (ioi) 

and 



c=l 



7i 



t---^ ( i:(-i^i 2 ) o+c - 2} i^i 2 e-^ + i:(-i^i 2 )°- c - i} i^ c i 2 e-) . (102) 

4.4 Two dimensional elliptic Toda equation (/ > 2) 

In this case, M = N = 21 + 2, r%, ■ ■ ■ ,T2i+2 — 1, m — 2; u — exp (— - — —); 

Q = (fijfc)i<i,fc<2«+2 with Vtj k = uj~ j+1 5jk, K = (K jk )i< jik <2i+2 with K jk = 5j +k ,2] 
J = (Jjk)i<j,k<2i+2 with J jk = 5 j+1>k ; V = {V jk )i< jjk < 2 i +2 with non-zero entries V n = 1, 
Vi + 2,i+2 = 1, Vj+ij+i = e" j and V 2W -3,2W-j = e"" J for j = 1, ■ • • , I. The equation is 

A Ul = e" 1 -e U2 " ni , 

A Uj = e^-^" 1 - e ^ +1 ~^ (j = 2, 1), (103) 

Au/ =e Ui -" i - 1 -e~ Ul . 

By setting w,,- = —(u\ H — ■ + Uj) (j = 1, — 1) and = — \(u\ + ■ ■ ■ + ui), it becomes 
A Wl = e 2wi ~ W2 -e~ Wl , 



Aw 3 =e~ w ^ +2 ^- w ^-e-^ (j = 2, ■ ■ ■ ,1 - 2), (1Q4) 

A!i) H = e""''" 2 ^- 1 - 2 ^ - e~ w \ Aw ; = le"^- 1 ^ - -e -101 . 

' 2 2 

Let (tii, •••,«/) be a solution of f 1 1 3 [) . (hi, ■ ■ ■ , h 2 i + 2) T be a column solution of the 
corresponding Lax pair satisfying 

i+i 

hi + (-l) l+1 h 2 +2 + 2 y £(-l)*- 1 h c h 2 - c = (105) 

c=2 
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where hi, ■ ■ ■ , h 2 i+2 are scalar functions. By Theorem [2, the new solution of (11031) is 



Uj = Uj + In ^t±^- (j — 1, • • • , I) where 
9j 



9j 



I 21+2 



(21 + 2)2 1^ 



7i-iT2-j 



and 



7.; 



i+2| 



(106) 



1 _ 1^41+4 ((-l^l 2 )^^!! 2 + (-|M| 2 )°' +I} |fa 

+ jl{-m {3+c - 1] \hi +c \ 2 e-^ 

c=l c=l / 



(2) 

4.5 Two dimensional elliptic A y 2 i_i Toda equation (/ > 3) 



(107) 



In this case, N = 21 - 1, M = N + 1, n = 2, r 2 = • 
exp -j; = (fij/t)i<j ) A;<2i-i with non-zero entries Qu 



r 2 i-i = 1, m = 2; uj = 
^ J and fijj = u)~i +1 



for j = 2, ■••,2/ — 1; K = (Kjk)i<j,k<2i-i with non-zero entries K\\ 



and 



Kj,2i+i-j = 1 for j = 2, • • • , 21 - 1; J = {Jjk)i<j,k<2i-i with non-zero entries J 12 = ^ ^ J , 
J 2 z-i,i = ( 1 1 ) and J i)i+1 = 1 for j = 2, ■ • • , 2/ — 2; V = (Vifc)l<?,fc<2j-i with non-zero 
( 6 _ U1 ] , V,j = e^ and Va+i-^a+i-j = e _u ' for j = 2, ■ ■ • , Z. The 



entries Vn = 

V e 

equation is 

A«! = e U2+Ul - e U2 ~ Ul , Au 2 = e U2+Ul + e" 2 "" 1 - e" 3 ^ 2 , 
A Uj = e^-^- 1 - e u ' +1_u ' (j = 3, 1), 

By setting = — [ui + u 2 + ■ ■ • + Uj) (j = 1, •■■,/), it becomes 
A Wl = e 2wi ~ W2 -e~ w \ 

A Wj = e -^-i+2^-^ + i _ 2e ~ W2 (j = 2, 1), 
Awi = e' 2wi - 1+2wi -2e~ W2 . 



(108) 



(109) 



Let («!,••■, uj) be a solution of (1 108[) 



sponding Lax pair where hi 



h 
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( Hl \ 

be a column solution of the corre- 

V h 2i -i I 

and hu, hi 2 , h 2 , ■ ■ ■ , h 2 i-i are scalar functions. By 
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Theorem [2j the new solution of fl 108[) is 



where 



and 



Mi = u\ + In 



|hiire- Ul - 7 i 
\h l2 \ 2 e ul -H ' 

&+1 



Uj = Uj + In (J — 2, • • • , 1) 



9j 



9j 



21-1 



2h 11 h 12 +Y,(-±) {c ~ j} - {1 - j} h2- c h c 



c=2 



TT ^((-IH 2 )°'- 1} (l^n|V- + \h 12 \^) 

+ E(-|^| 2 )°' +C - 2} |^| 2 e-- + i:(-| M | 2 )^|/ i2 _ c | 2 e-). 

c=2 c=2 / 



(110) 



(111) 



(112) 



4.6 Two dimensional elliptic £?p Toda equation (/ > 3) 



In this case, N = 21, M = JV + 1, r x = 2, r 2 = • 
exp ("27")) ^ = (S7jfc)i<j,fc<2/ with non-zero entries Qu = 

j = 2, • • • , 21; K = (Kjk)i<j,k<2i with non-zero entries K\\ 



- r 2i = 1, m = 2; u = 
j ^ and fijj = u~i +1 for 

1 J and K j>2 i+2-j = 1 



for j = 2, • • • , 21; J = {Jjk)i<j,k<2i with non-zero entries J\ 2 



J 2 L1 



1 1 



and Jjj+i = 1 for j = 2, •••,2/ — 1; V = {Vjk)i<j t k<2i with non-zero entries Vji 



= 1, % = e u * and Va+a-i.a+2-i = e u * for j = 2, •••,/. The 



equation is 



Ait! = e U2+ul - e U2 ~ u \ Au 2 = e U2+Ul + e" 2 '" 1 - e U3 ~ U2 , 
Auj = e"^" 1 - e ^ +l ~^ (j = 3, 1), 
Ani =e u '- u '- 1 -e~ Ul . 



(113) 



By setting Wj — — {u\ + • — h «,•) (j = 1, — 1), u;; = §(iti + • • • + it becomes 



A Wl = e 2wi - W2 -e~ W2 , 

A Wj = e-^-i+^-^+i - 2e" W2 (j = 2, •••,/- 2) 



(114) 



Awi = -e- w, ~ 1+2wi - e~ W2 . 
2 



Let (tii,---,tii) be a solution of (11131) . 
sponding Lax pair satisfying 



( hi \ 



V h * J 



be a column solution of the corre- 



2h n h 12 + + 2 XX-l^fcc/fe-c = 



(115) 



c=2 
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where hi — ( ^ n ] and /in, h\ 2j h 2l ■ ■ ■ , h 2 \ are scalar functions. By Theorem [21 the new 

V h ™ J 
solution of (11131) is 

IMV Ui - 7 i 



U\ — Ui + In 



JM 2 e-- Tl (n6) 



S = u +In^±l ( J = 2,---,Z) 

9j 



where 



j 2« 



2{1 - j'}/in/ii2 + E(-!) C+1 {c - j'}/i2-A - Vi72-i ( 117 ) 



c=2 



and 

7, = f(-|^| 2 ) '- 1} (l^ii| 2 e-- + |/. 12 | 2 e-) + (-M^+^IW 2 



+ ^(-|^| 2 )°" 4 " C - 2> l^ c | 2 e-^ + i(-|^| 2 )°'~ c> l^ 2 - c | 2 e"-y 

c=2 c=2 / 

4.7 Two dimensional elliptic Di Toda equation (/ > 4) 



(118) 



In this case, N = 21—2, M = N+2, r\ = r^ +1 = 2, r 2 = • ■ • = ri = ri +2 = ■ ■ ■ = r 2 i = 1, 
m = 2; u = exp ( t^— 2 )' ^ = (%fc)i<j,fc<2*-2 with non-zero entries fin = Q u = ^ 1 ^ J 
and Qjj = uj~^ +1 for j — 2, ■ ■ ■ , I — 1, 1 + 1, • • • , 21 — 2; K = (Kjk)\<j,k<2i~2 with non-zero 



entries Jfn = i^/ 



f x 1 j and i^i-j = 1 for j = 2, ■ ■ ■ , I - 1, 1 + 1, ■ ■ ■ , 21 - 2; 
J = (Jjk)i<j,k<2i-2 with non-zero entries J 12 = J M+i = ^ j ^j, J^u = J 2 /- 2 ,i = ( 1 1 



and Jj,j+i — 1 for j = 2, ■ ■ • , I — 2, 1, ■ ■ ■ , 21 — 3; V = (Vjk)i<j t k<2i-2 with non-zero entries 
Vn = ( Q ~ U1 qUi \ V u=( ^ e -n ) > V n = ^ and V 2l ^ 3 = for j = 2, ■ ■ ■ , I - 
1. The equation is 

Ait! = e U2+Ul - e U2 ~ u \ Au 2 = e U2+Ul + e U2 ~ Ul - e U3 ~ U2 , 

Auj = e**-"*- 1 - e^ +1 -^ (j = 3, 2), (119) 

Aui-i = e"'- 1 ""'- 2 - e"'""'- 1 - e""'-^- 1 , An, = e"' - ^- 1 - e^""'" 1 . 

By setting wj = -(ui H h u 3 ) (j = 1, 2), w t -i = —\{u\ H h + 

= — \{ui + • • • + u^i — ui), it becomes 

Awj = e 2 ™ 1 -™ 2 - e~ W2 , 

A Wj = e-^-+ 2 ^-^ - 2e^ 2 (j = 2, 3), 

Aw; 2 = e - ^ -3 " 1 " 2 ^ -2- ^ -1- ^ — 2e -1 " 2 v iZL v 

Aw ; _i = e"^- 2 ^- 1 - e~ W2 , Awi = e~ Wl - 2+2wi - e~ W2 . 
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( *1 \ 



Let • • ■ ,ui) be a solution of (11191) 
sponding Lax pair satisfying 

hnh 12 + {-l) l - l h n h l2 + Y,{-l) C ~ l hch2-c = 



be a column solution of the corre- 



1-1 



c=2 



where hi = \ , n ] and hi = ^ W ' 1 



and /in, hu, h 2 , ■ ■ ■ , foj-i, fyi, hi 2 , hi + i, 



\ h i2 J \ h t2 / 

are scalar functions. By Theorem [2j the new solution of (11191) is 

^ M 2 e ui - 7 i 

u 1 = u 1 + In 2 — , 

% = u i + ^ n (j = 2, — 1), 



Ui = ui + In 
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7 



7 



where 
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2{1 - j}/in/ii2 + 2(-l)'- 1 {f " 



(2/ - 2) 
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+ E(-i) c+1 {c-j}^-A 



(2 



c=2 



\fi\ 7j-i72-i 



and 



7j 



n2|V ui ; 



T3T^((-|^ 2 )°" 1} (l^l Vl + l^ 

+ (_| /i |2)0-+i-2}(|^ 1 |2 e -u, + 1^)2^) 

+E(-i^i 2 ) ' +c " 2} i^re--+E(-i^i 2 ) { ^ c} i^- c re- 



c=2 



c=2 
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